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Vectors 

An object that has: 

• direction 

• magnitude (length) 

• unit 
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Vectors 

Examples: 

• position - 𝑟   

• displacements - 𝑟 

• velocity - 𝑉 

• acceleration - 𝑎  

 

  

• force - 𝐹  

• linear momentum - 𝑝  

• angular momentum - 𝐿 

   

• electric field - 𝐸 

• electric displacement field - 𝐷 

• magnetic field - 𝐵 

• magnetic field strength - 𝐻 

 

𝑽 



Scalars 
A scalar quantity is completely specified by a single value with 
an appropriate unit. 

Examples: 

• distance - 𝑆  

• speed - 𝑉 

• average speed - 𝑉  

• time - 𝑡 

 

  

• mass - 𝑚 

• rotational inertia - 𝐼 

• work - 𝑊 

• energy - 𝐸 

• heat - 𝑄 

 

  

• charge - 𝑞 

• resistance - 𝑅 

• capacitance - 𝐶 

• inductance - 𝐿 
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Coordinate systems 

Cartesian coordinates (rectangular coordinates) 
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𝐴 = 𝐴 𝑥 + 𝐴 𝑦 
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𝐴 = 𝐴 𝑥+ 𝐴 𝑦 + 𝐴 𝑦 

𝑖  
𝑗  

𝑘 
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𝐴 = 𝐴𝑥𝑖 + 𝐴𝑦𝑗 = 𝐴𝑥 , 𝐴𝑦  𝐴 = 𝐴𝑥𝑖 + 𝐴𝑦𝑗 + 𝐴𝑧𝑘 = 𝐴𝑥, 𝐴𝑦 , 𝐴𝑧  

𝑖 , 𝑗 , 𝑘 - unit vectors  

𝐴𝑥, 𝐴𝑦, 𝐴𝑧 - components of the vector 

𝐴  

𝐴 𝑥 = 𝐴𝑥𝑖    𝐴 𝑦= 𝐴𝑦𝑗  



Coordinate systems 
Polar coordinate system: 𝑟, 𝜃  

• r – the distance from the origin O to the end point 

•  – the angle between a line drawn from the origin to the end 
point and a fixed axis. 
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𝐴𝑥 = 𝑟cos 𝜃

𝐴𝑦 = 𝑟sin 𝜃
 

 
 

𝑟 = 𝐴𝑥
2 + 𝐴𝑦

2

𝜃 = arctan
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Coordinate systems 
Spherical coordinate system: 𝑟, 𝜃, 𝜑  

 

 

 

 

 

Cylindrical coordinate system: 𝑟, 𝜃, 𝑧  



Adding Vectors 

Graphical method:  

To add vector 𝐵 to vector 𝐴 , first draw vector 𝐴 , with its 
magnitude represented by a convenient length scale, and then 

draw vector 𝐵 to the same scale with its tail starting from the 

tip of 𝐴 . The resultant vector is the vector drawn from the tail 

of 𝐴  to the tip of 𝐵. 
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Example:  

• net force: 𝐹 𝑤 = 𝐹 1+ 𝐹 2+ 𝐹 3+… 

Example:  

• net force: 𝐹 𝑤 = 𝐹 1+ 𝐹 2+ 𝐹 3+… 
 
 
 
 

• net electric field:𝐸 = 𝐸1+ 𝐸2+ 𝐸3+… 
 

Adding Vectors 
R A B 

𝐹 1 

𝐹 2 

𝐹 𝑤 = 𝐹 1+ 𝐹 2 



Adding Vectors 

Algebraic method:  

To add vector 𝐵 to vector 𝐴 , find the sum of both vectors 
corresponding components. 

𝑅 = 𝑅𝑥, 𝑅𝑦 , 𝑅𝑧 = 𝐴𝑥 + 𝐵𝑥 𝑖 + 𝐴𝑦 + 𝐵𝑦 𝑗 + 𝐴𝑧 + 𝐵𝑧 𝑘 
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𝑅𝑥 

𝑅𝑦 𝐵𝑦 
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Multiplying a Vector by a Scalar 
If vector 𝐴  is multiplied by a positive scalar quantity q, then 

the product 𝑅 = 𝑞 ∙ 𝐴  is a vector that has the same direction 

as 𝐴  and magnitude 𝑞𝐴. 

If vector 𝐴  is multiplied by a negative scalar quantity 𝑞, then 

the product 𝑅 = 𝑞 ∙ 𝐴 has opposite direction to 𝐴  and 
magnitude 𝑞𝐴. 
 

𝑅 = 𝑞𝐴 = 𝑞𝐴𝑥𝑖 + 𝑞𝐴𝑦𝑗 + 𝑞𝐴𝑧𝑘 = 𝑞𝐴𝑥, 𝑞𝐴𝑦, 𝑞𝐴𝑧  

𝐴  2𝐴  −𝐴  −2𝐴  



Multiplying a Vector by a Scalar 

Example:  
• Newton’s second law: 𝑎 = 1

𝑚
𝐹 𝑤,  

 
 
 
 
 
 

• the electric force acting on a positive or negative charge: 𝐹 𝐸 = 𝑞𝐸 
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𝐹 𝑤 = 𝐹 1+ 𝐹 2 
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The Scalar Product (dot product) 

The scalar product of any two vectors 𝐴  and 𝐵 is a scalar 

quantity equal to the product of the magnitudes of the two 
vectors and the cosine of the angle 𝜃 between them: 
 

𝑅 = 𝐴 ∙ 𝐵 = 𝐴𝐵cos 𝜃  

𝐵 

𝐴  𝜃 

𝑅 = 𝐴 ∙ 𝐵 = 𝐴𝑥𝐵𝑥 + 𝐴𝑦𝐵𝑦 + 𝐴𝑧𝐵𝑧 

R A B 



2) For two opposite vectors 𝜃 = 180° : 𝑅 = −𝐴𝐵 
 

3) For two perpendicular vectors 𝜃 = 90° : 𝑅 = 0 
 

The Scalar Product – observations 

1) For two parallel vectors 𝜃 = 0° : 𝑅 = 𝐴𝐵 
 

𝑅 = 𝐴 ∙ 𝐵 = 𝐴𝑥𝑖 + 𝐴𝑦𝑗 + 𝐴𝑧𝑘 ∙ 𝐵𝑥𝑖 + 𝐵𝑦𝑗 + 𝐵𝑧𝑘

= 𝐴𝑥𝐵𝑥 + 𝐴𝑦𝐵𝑦 + 𝐴𝑧𝐵𝑧 

𝐵 𝐴  

90 180 270 360

-1

0

1

 

 

cos()

𝑅 = 𝐴 ∙ 𝐵 = 𝐴𝐵cos 𝜃  

𝑖 ∙ 𝑖 = 𝑗 ∙ 𝑗 = 𝑘 ∙ 𝑘 = 1  

𝑖 ∙ 𝑗 = 𝑖 ∙ 𝑘 = 𝑗 ∙ 𝑘 = 0  

𝐵 𝐴  

𝐵 
𝐴  



The Scalar Product (dot product) 

R A B 

Example:  

• work: 𝑊 = 𝐹 ∙ 𝑆 ,  
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The Vector Product (cross product): 

The vector product of any two vectors 𝐴 and 𝐵 is a vector with: 
• the magnitude equal to the product of the magnitudes of the 

two vectors and the sine of the angle 𝜃 between them: 
𝑅 = 𝐴𝐵sin 𝜃  

 

• the direction perpendicular to the plane formed by 𝐴  and 𝐵, 
and this direction is determined by the screw rule  

 or the right-hand rule or the left-hand rule. 

R A B 
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Screw rule:  

Left-hand rule:  Right-hand rule:  



The Vector Product – observations 

1) For two parallel vectors 𝜃 = 0° : 𝑅 = 0 
 

𝐵 𝐴  

𝑅 = 𝐴 × 𝐵 = 𝐴𝐵sin 𝜃  

𝑖 × 𝑖 = 𝑗 × 𝑗 = 𝑘 × 𝑘 = 0  

𝑖 × 𝑗 = 𝑘   𝑗 × 𝑘 = 𝑖    𝑘 × 𝑖 = 𝑗  

2) For two opposite vectors 𝜃 = 180° : 𝑅 = 0 
 

𝐵 𝐴  
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sin()

𝑗 × 𝑖 = −𝑘   𝑘 × 𝑗 = −𝑖   𝑖 × 𝑘 = −𝑗  

3) For two perpendicular vectors 𝜃 = 90° : 𝑅 = 𝐴𝐵 
 𝐵 

𝐴  

the angle 𝜃  is from 𝐴  to 𝐵 – always in anticlockwise direction!!! 

4) For two perpendicular vectors 𝜃 = 270° : 𝑅 = −𝐴𝐵 
 

𝐵 

𝐴  



The Vector Product – observations 

𝑅 = 𝐴 × 𝐵 = 𝐴𝑥𝑖 + 𝐴𝑦𝑗 + 𝐴𝑧𝑘 × 𝐵𝑥𝑖 + 𝐵𝑦𝑗 + 𝐵𝑧𝑘  

𝑖 × 𝑖 = 𝑗 × 𝑗 = 𝑘 × 𝑘 = 0  

𝑖 × 𝑗 = 𝑘   𝑗 × 𝑘 = 𝑖    𝑘 × 𝑖 = 𝑗  

𝑗 × 𝑖 = −𝑘   𝑘 × 𝑗 = −𝑖   𝑖 × 𝑘 = −𝑗  

𝑅 = 𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦 𝑖 + 𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧 𝑗 + 𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥 𝑘 

=
𝑖 𝑗 𝑘
𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐵𝑥 𝐵𝑦 𝐵𝑧

 



The Vector Product (cross product): 

R A B 

Example:  

• torque: 𝑀 = 𝑟 × 𝐹 ,  

• angular momentum: 𝐿 = 𝑟 × 𝑝  

• the electric force acting on a moving charge: 𝐹 𝐵 = 𝑞𝑉 × 𝐵 
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Problem:  

For the two vectors 𝐴 = 2𝑖 + 3𝑗 − 𝑘 and 𝐵 = −3𝑖 + 2𝑗  determine: 

a) magnitude 𝐴 and 𝐵 

b) sum 𝐴 + 𝐵 

c) difference 𝐴 − 𝐵 

d) dot product 𝐴 ∙ 𝐵 

e) cross product 𝐴 × 𝐵 

f) angle between 𝐴  and 𝐵  

g) angle between 𝐴  and 𝐴 × 𝐵 


